
Theoretical Analysis of Twist/Bend Ratio and Mechanical Moduli of
Bacterial Flagellar Hook and Filament

Terence C. Flynn* and Jianpeng Ma*yz

*Department of Bioengineering, Rice University, Houston, Texas 77005; and yGraduate Program of Structural and
Computational Biology and Molecular Biophysics and zVerna and Marrs McLean Department of Biochemistry
and Molecular Biology, Baylor College of Medicine, Houston, Texas 77030

ABSTRACT Certain motile bacteria employ rotating flagella for propulsion. The relative flexibility of two key components of the
flagellum, filament and hook, is partially responsible for the mechanistic workings of this motor. A new computational method,
the quantized elastic deformational model, was employed in this article to calculate the dimensionless twist/bend ratio (EI/GJ ) of
the filament and hook, providing a quantitative means to compare their relative stiffness. Both ratios were much ,1.0, an
average of 0.0440 for the filament and 0.0512 for the hook, indicating that within each structure bending is favored over twisting.
These two ratios, along with previous experimental measurements, allowed us to propose a theoretical Young’s modulus (E)
between 106 and 107 dyn/cm2 for the hook. This value is orders of magnitude smaller than experimentally determined Young’s
moduli of the filament, hence in agreement with empirical evidence linking compliance in the flagellum mainly to the hook.

INTRODUCTION

Rotating flagella propel motile bacteria, such as Escherichia
coli and Salmonella typhimurium (Berg and Anderson, 1973;

Silverman and Simon, 1974). Each individual flagellum

consists of three key segments/components: the flagellar

basal body, the filament, and the hook that connects the two

(Fig. 1 A) (Berry and Armitage, 1999). The basal body is

a rotary motor, traversing the bacterial membrane, which

generates torque by means of a transmembrane ion gradient

(Glagolev and Skulachev, 1978; Larsen et al., 1974; Manson

et al., 1977), similar to ATP synthase (Abrahams et al., 1994;

Boyer, 1997; Ma et al., 2002). The filament is essentially

a long rigid rod, ;200 Å in diameter and up to 10 mm
(100,000 Å) in length, which serves as a propeller (Berry and

Armitage, 1999). The filament is able to adopt many

polymorphic conformations, including left-handed and

right-handed supercoils, depending on various environmen-

tal conditions (Kamiya et al., 1979; Macnab and Ornston,

1977; Mimori et al., 1995; Morgan et al., 1995). In contrast to

the stiff filament, the hook is a shorter flexible linking seg-

ment that may function as a universal joint, transmitting the

torque generated by the motor upwards to the filament, and

also allowing the filament to spin off-axis and bundle with

adjacent filaments (Fig. 1) (Berg and Anderson, 1973; Berry

and Armitage, 1999; Morgan et al., 1993).

Over 95% of the mass of the flagellum resides solely in the

filament (Morgan et al., 1995). Electron microscopy has

provided the most detailed structures of the S. typhimurium
filament to date (Fig. 2 A) (Mimori et al., 1995; Morgan et al.,

1995; Yonekura et al., 2003). The filament is helical, and has

;11 monomers for every two turns of the one-start helix.

Alternately, the filament can be depicted as 11 protofilaments

arranged around a hollow central channel;30 Å in diameter

(Samatey et al., 2001). It has been estimated that 20,000

flagellin monomers associate to form a 10-mm (100,000 Å)

long filament (O’Brien and Bennett, 1972). Wild-type flagel-

lin from S. typhimurium is a;51 kDa protein with 494 resid-

ues, consisting of four domains, D0, D1, D2, and D3, named

in accordance with their radial positions from the inside of

the filament to the outside. D0, D1, and D2 comprise the core

of the filament, whereas D3 protrudes from the filament’s

surface (Mimori et al. 1995; Samatey et al. 2001).

The structure of the S. typhimurium hook has also been

determined by electron microscopy (Fig. 2 B) (Morgan et al.,

1993). These hooks are cylindrical with inner and outer

diameters of 30 Å and 180 Å, respectively. In contrast to the

filament, each monomer of the hook, FlgE, has only three

domains D1, D2, and D3, none of which protrudes from its

surface, which is instead demarcated by a series of deep

grooves, similar to the thread of a screw. However, the gen-

eral helical nature of the hook and filament are similar.

The differential mechanical properties, such as Young’s

modulus E and shear modulus G, of the hook and filament

are essential to the function of the flagellum and are directly

linked to structural differences between the two. They have

been examined using a variety of experimental methods,

ranging from quasielastic scattering of laser light to optical

tweezers (Table 1) (Berg, 1976; Block et al., 1989, 1991;

Fujime et al., 1972; Hoshikawa, 1983; Hoshikawa and

Kamiya, 1985; Powers, 2002; Trachtenberg and Hammel,

1992). The measured Young’s modulus E and shear modulus

G of the filament are in the range of 1010–1012 and 1011–1012

dyn/cm2, respectively. The shear modulus G of the hook was

also determined to be 108 dyn/cm2. These values suggested

the filament to be orders of magnitude stiffer than the hook.

Specifically, Block and colleagues (Block et al., 1989, 1991)
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determined that the torsional/twisting compliance of the

flagellum resides mainly in the hook, leading them to

speculate that this compliance could allow multiple filaments

to bundle in parallel and rotate in phase (Fig. 1 C). The
differential moduli of the filament and hook provide an in-

genious mechanism that is the key to unified motion in these

bacteria. This motion would not be possible if the entire

flagellumwere composed of only one proteinwith an identical

set of mechanical properties.

The field of mechanics defines stiffness as a property that

specifies the resistance of a structure to deformation under

a given load. Flexural and torsional stiffness gauge the

resistance of a structure to bending and twisting, respectively

(Etnier, 2001; Niklas, 1991; Roark, 1989; Vogel, 1992).

Flexural stiffness, or flexural rigidity, is given by EI, where E
is Young’s modulus and I is the second moment of inertia.

Torsional stiffness, or torsional rigidity, is given byGJ, where
G is the shear modulus, sometimes denoted as m, and J is the
polar second moment of inertia. I and J describe the cross-

sectional area of a structure, and are influenced by its size and

shape (Feynman et al., 1964). A standard means to compare

the relative resistance of a structure to bending versus twisting

is to employ the dimensionless ‘‘twist/bend ratio,’’ given by

EI/GJ (Niklas, 1991; Vogel, 1992). EI/GJ ratios .1.0 are

indicative of structures that twist relatively more easily than

they bend, whereas values ,1.0 typify structures that prefer

to bend rather than twist. For example, a solid steel circular

cylinder has a value of ;1.3 (Vogel, 1992).

In this article we employ a new computational method, the

quantized elastic deformational model (QEDM) (Ming et al.,

2002a; Tama et al., 2002), to calculate the dimensionless

twist/bend ratio of both the filament and hook, thereby

providing a quantitative means to compare their stiffness.

QEDM is able to extract motional and mechanical data from

low-resolution protein structures, such as electron density

maps. The protein is modeled as an elastic object and the

mass density distribution is equated to the electron density

distribution of the protein. Here, QEDM is used to determine

the vibrational normal modes of ;1000-Å-long electron

density map sections of S. typhimurium filament and hook.

The eigenvalues of the first bending and twisting modes of

a structure are directly related to the flexural and torsional

stiffness, respectively (see Methods) (Meirovitch, 2001).

RESULTS

QEDM analysis of hook and filament

Electron density maps of S. typhimurium hook (D. Thomas,

T. Shaikh, and D. DeRosier, private communications) and

FIGURE 1 (A) Schematic representation indicating relative orientation of

three components of the bacterial flagellum: basal body, responsible for

torque generation; filament, essentially a long rigid rod; and hook, a flexible

linking region. The figure is not drawn to scale; hence, representative lengths

of filament and hook are noted. Dotted lines interrupting the filament

represent a long section removed for figure clarity. (B and C) Cartoon

portrayals of a flagellated bacteria, depicting how bending at the hook may

allow bundling of adjacent filaments, leading to in-phase rotation.

TABLE 1 Mechanical properties of flagellar hook and

filament determined by various methods

Filament Hook

Author Year

E

(dyn/cm2)

G

(dyn/cm2)

E

(dyn/cm2)

G

(dyn/cm2)

Fujime 1972 1011 – – –

Fujime* 1972 1010 – – –

Hoshikawa 1985 – 1011–1012 – –

Block 1991 – – – 108

Trachtenberg 1992 1011–1012 – – –

Flynny 2004 – – 106–107 –

*Recalculated by Hoshikawa and Kamiya (1985) based on updated filament

dimensions.
yTheoretical value calculated by QEDM in this work.

FIGURE 2 Electron microscopy density sections, ;300 Å in length, of

the flagellar filament (A) (Mimori et al., 1995) and hook (B) (D. Thomas, T.

Shaikh, and D. DeRosier, private communications). The surface of the

filament is characterized by protrusions (domain D3), whereas that of the

hook is demarcated by a series of grooves. Note that the density sections

used in the simulations were over three times as long.

Theoretical Analysis of Flagellar Hook and Filament 3205

Biophysical Journal 86(5) 3204–3210



filament (Mimori et al., 1995) ;1000 Å in length at

resolutions of 10 Å and 9 Å, respectively, were discretized

into 8000 Voronoi cells. QEDM analysis was then

performed for the hook and filament at several cutoff

distances, rc, between 35 and 55 Å (see Table 2 and

Methods). These cutoffs are larger than the 13-Å cutoff that

is typically employed in QEDM, due to the enormous size of

the filament and hook, and the coarse-grained nature of the

model (Beuron et al., 2003; Doruker et al., 2002; Kong et al.,

2003; Ming et al., 2002b). This cutoff determines the number

of interacting ‘‘pairs’’ in the system and hence the resulting

eigenvalues of the calculated modes. An array of cutoffs was

used for each structure because the cutoff employed for one

structure cannot be directly equated to that of another (e.g.,

a cutoff of 45 Å in the hook does not correlate with a 45-Å

cutoff in the filament), as a result of the inherent difference of

density distribution between the two structures (see ‘‘Radial

distributions of the hook and filament’’). The first six

eigenvalues calculated via QEDM were found to have

magnitudes of zero, when cutoffs in this range were

employed. Similarly, the first six frequencies of a standard

normal mode analysis are also zero, and represent full-

body translations and rotations about the x, y, and z axes.

Consequently, we can assume that the cutoff range is

accurate.

Computed versus experimental twist/bend ratios

The eigenvalues of the first bending (mode 7) and twisting

(mode 9) modes from QEDM analysis were used to compute

the dimensionless twist/bend ratios (EI/GJ) of the hook and

filament according to Eq. 12 (see Methods). The first

bending and twisting modes were determined by visualizing

the motions using Quanta (www.msi.com). The average

values of QEDM-computed twist/bend ratios of the hook and

filament are 0.0512 and 0.0440, respectively (Table 2 and

Fig. 3). Such low values of twist/bend ratios signify that both

structures bend more readily than they twist (i.e., EI is much

smaller than GJ in both hook and filament). Consequently,

the twist/bend ratios alone provided no striking information

about the relative stiffness of the two structures, and must be

analyzed in the context of experimental results.

For the filament, a range of experimentally determined E
and G values are available in the literature (Table 1). Using

these values, the twist/bend ratios of the filament can be

obtained by dividing the experimental E and G filament

values in Table 1, then multiplying by a factor of 0.5 to

account for I/J. The cross-sectional equations for I and J
differ only by a factor of two in the denominator for the

hollow cylindrical structures of both hook and filament,

I ¼ p R4 � r4ð Þ�4 and J ¼ p R4 � r4ð Þ�2, where R and r
represent the outer and inner radii, respectively (Roark,

1989). This yielded a range of 0.005–5.00 for filament twist/

bend ratios. Note that these ratios cover three orders of

magnitude due to the difficulty involved in accurately

measuring the mechanical properties of biological structures

at the nanometer level. The QEDM-obtained filament twist/

bend ratios listed in Table 2 fall within the range of

experimentally determined filament twist/bend ratios

(0.005–5.00), thus supporting the computational method

employed in this work.

In contrast, an experimentally determined hook twist/bend

ratio could not be obtained because Young’s modulus E of

the hook has never been directly determined in experiments.

However, Block and colleagues did obtain an experimental

value of the hook shear modulus G, 108 dyn/cm2 (Block

et al., 1991). If the maximum and minimum values of the

QEDM-computed hook twist/bend ratios from Table 2 are

employed in conjunction with Block’s value of the shear

modulus G above, it is trivial to calculate a theoretical

Young’s modulus E for the hook, which is found to be on the

order of 106–107 dyn/cm2. This calculated value is several

orders of magnitude smaller than the lowest experimentally

determined Young’s modulus for the filament (Table 1).

Radial distributions of the hook and filament

An important issue that must be addressed is the rate of

convergence of the QEDM-calculated twist/bend ratios for

the hook and filament. It appears that the ratios for the

TABLE 2 Twist/bend ratios (EI/GJ) calculated by QEDM

Filament Hook

Eigenvalues Eigenvalues

QEDM cutoff (Å) Mode 7 Mode 9 EI/GJ Mode 7 Mode 9 EI/GJ

35 1.177 3 10�3 TIP effect* – 1.074 3 10�3 6.728 3 10�3 0.0378

40 2.376 3 10�3 1.346 3 10�2 0.0418 3.406 3 10�3 1.770 3 10�2 0.0455

45 4.511 3 10�3 2.516 3 10�2 0.0424 9.004 3 10�3 4.056 3 10�2 0.0525

50 8.356 3 10�3 4.470 3 10�2 0.0442 2.003 3 10�2 8.167 3 10�2 0.0580

55 1.524 3 10�2 7.565 3 10�2 0.0477 3.504 3 10�2 1.331 3 10�1 0.0622

Average – – 0.0440 – – 0.0512

*Ma (2004)
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filament converged slightly quicker over the range of QEDM

cutoff distances than for the hook (Fig. 3). This differential

convergence rate of the ratios of the two structures is

believed to be the direct result of their inherently different

density distributions. The radial distribution function, g(r),
for each structure was calculated and plotted in Fig. 4.

QEDM relies on a set of finite Voronoi cells to represent the

original density map (see Methods); thus the radial

distributions computed are not exactly identical to those of

the initial density maps (see Fig. 4 in Mimori et al., 1995 for

the filament), but the general features of the curves are

similar. A comparison of the radial distribution curves of the

hook and filament revealed that the density for the filament is

evenly dispersed over two peaks (domains D0, D1, and D2)

lying in a radial range of 10–50 Å, whereas that of the hook

is clustered primarily around a radial distance of 55 Å (Fig.

4). The net effect of these differences is that the filament has

a more densely packed, rigid core than the hook, thus im-

parting a higher degree of stiffness to the filament. The more

evenly distributed density of the core region of the filament

also accounts for the quicker convergence of the twist/bend

ratios for the filament over the range of QEDM cutoff

distances as seen in Fig. 3.

CONCLUDING DISCUSSION

The dimensionless twist/bend ratios (EI/GJ) for both the

hook and filament were calculated from the eigenvalues of

the QEDM-obtained bending and twisting modes at several

cutoff distances, over a range of 35–55 Å (Table 2). Primary

inspection of these ratios, an average of 0.0440 for the

filament and 0.0512 for the hook, implies that in each of

these structures bending is favored over twisting (since EI/
GJ , 1.0). However, it is important to realize that this ratio

does not rule out the possibility that one structure is far stiffer

in both bending and twisting than a comparative structure,

thereby yielding twist/bend ratios of similar magnitudes.

This is the likely scenario in the current work, where the

filament is stiffer than the hook in both bending and twisting.

The filament twist/bend ratios calculated by QEDM fall

within the range of twist/bend ratios (0.005–5.00) computed

from experimentally measured Young’s modulus E and

shear modulus G values. In contrast, an experimental value

of Young’s modulus for the hook has not yet been

determined. However, employing the twist/bend ratios of

the hook calculated by QEDM and the experimental hook

shear modulus found by Block and colleagues (Block et al.,

1991), allowed us to propose a Young’s modulus between

106 and 107 dyn/cm2 for the hook. This number is orders of

magnitude smaller than the values of the experimental

Young’s modulus of the filament (Table 1), hence in

agreement with empirical evidence linking compliance in

the flagellum mainly to the hook (Block et al., 1989, 1991).

Consequently, this computational analysis provides quanti-

tative support to experimental evidence that the filament is

indeed more rigid than the hook. The dual flexibility of the

hook in both bending and torsion allows it to serve as the

ideal universal joint, transmitting the rotary motion upwards

to the stiffer filament while allowing adjacent filaments to

bundle and rotate off-axis, resulting in unified filament

motion.

In conclusion, the theoretical nature of Young’s modulus

calculated for the hook in this study should be stressed.

Although the QEDM-obtained hook twist/bend ratios did not

FIGURE 3 Plot of QEDM-calculated twist/bend ratios (EI/GJ) versus the

range of QEDM cutoffs employed for the flagellar filament (: data points)

and hook (n data points). The low values of EI/GJ signify that both

structures bend more readily than they twist. The differential convergence

rate of the ratios of the two structures is due to their inherent differences in

density distributions (see Fig. 4).

FIGURE 4 Plot of radial distribution function (g(r)) versus radial distance

for the filament (solid line) and hook (dotted line). The density of the

filament is evenly dispersed over two peaks (domains D0, D1, and D2),

whereas that of the hook is clustered primarily around a radial distance of 55

Å. Consequently, the filament has a more densely packed, rigid core than the

hook, imparting it with a higher degree of stiffness.
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converge as quickly as they did for the filament, it is likely

due to the inherent difference of density distribution of the

two structures, rather than a simulation artifact. The theo-

retical value of Young’s modulus should serve as a guide for

further experimental studies.

METHODS

Quantized elastic deformational model

QEDM is a method capable of determining the conformational flexibility of

a biological molecule without the atomic structure or coordinates (Ming

et al., 2002a; Tama et al., 2002). QEDM draws on two techniques: vector

quantization (Gray, 1984; Makhoul et al., 1985) and the anisotropic network

model (ANM) (Atilgan et al., 2001; Tirion, 1996). Vector quantization

discretizes any three-dimensional electron density map into a set of finite

Voronoi cells, which portray the shape and density distribution of the initial

map. The deformational motions of the molecule are determined by ANM,

which assumes that the dynamics of a folded protein can be approximated as

an elastic network formed by the Ca atoms of the backbone. ANM is

essentially a normal mode analysis (Brooks et al., 1995) that utilizes

a simplified potential function given by

V ¼ ðg=2Þ+
i

+
j

sij rij
�� ��� r

0

ij

��� ���� �2

;

sij ¼
1; r

0

ij

��� ���# rc

0; r
0

ij

��� ���. rc

8><
>: ; (1)

where g represents the strength of the potential, and is assumed to be the

equivalent for all pairs, rc is the cutoff distance, and rij
�� �� and r0ij

��� ��� are the

instantaneous and equilibrium values of the pairwise distance between the ith

and jth Ca atoms, respectively (Tirion, 1996). sij is the Heaviside step

function, which details the cutoff effect of the interaction (Hildebrand,

1976). Comparable to a standard normal mode analysis, the direction of

motion in each deformational mode is given by a 3N-dimensional

eigenvector calculated through diagonalization of the second derivative

Hessian matrix of the total potential function (Brooks et al., 1995). For non-

linear, three-dimensional systems there are 3N-6 modes, because the first six

modes are zero-frequency modes.

QEDM was used to analyze both the hook and filament. A 10-Å

resolution electron density map of a 960-Å-long section of S. typhimurium

hook was provided by D. Thomas, T. Shaikh, and D. DeRosier, private

communications). The 9-Å resolution map of a 303-Å-long section of

filament, also from S. typhimurium, was obtained from Koji Yonekura and

Keiichi Namba (Mimori et al., 1995). A 1000-Å section of filament was

constructed from the 303-Å section using the programs EMAN (version 1.2;

ncmi.bcm.tmc.edu) and IRIS Explorer (release 5.0; www.nag.co.uk).

In both cases, 8000 Voronoi cells were used to discretize the density. The

number of Voronoi cells can be set to either correspond with the number of

Ca atoms in the structure or be much less than this number, yielding a

coarse-grained model, as is the case in this work (Doruker et al., 2002; Ming

et al., 2002a,b). Additional calculations were performed on densities dis-

cretized into 4000 Voronoi cells (data not shown). The resulting modes were

identical to those calculated for the 8000 Voronoi cell case, indicating that

resolution was not a factor. g was set to 1.0 for all of the simulations be-

cause its value does not affect the distribution of the motions (Atilgan et al.,

2001; Ming et al., 2002a,b). Solving for the eigenvalues and eigenvectors in

each simulation required ;100 h of computing time on a Silicon Graphics

Iris Indigo (Mountain View, CA).

Relating frequency of vibration to flexural and
torsional rigidity

The equation for vibration of a beam, of length L, in bending is given by

d2

dx
2 EIðxÞ d

2YðxÞ
dx

2

� �
¼ v

2
mðxÞYðxÞ; 0, x, L; (2)

where EI(x) is the flexural stiffness/rigidity, in which E is Young’s modulus

and I(x) the cross-sectional area moment of inertia, Y(x) represents the

bending profile, v is the vibration frequency, and m(x) is the mass per unit

length (Meirovitch, 2001). For a uniform beam, EI(x) and m(x) are

considered constant and Eq. 2 reduces to

d4YðxÞ
dx

4 � b
4
YðxÞ ¼ 0; 0, x, L; b

4 ¼ v
2m

EI
: (3)

The solution of this fourth order differential equation is

YðxÞ ¼ A sinbx1B cosbx1C sinhbx1Dcoshbx; (4)

where A, B, C, and D are constants to be evaluated dependent upon the

boundary conditions of the system (Meirovitch, 2001). In the case of a beam

with free ends, the boundary conditions are ðd2Y�dx2Þ 0;L ¼ 0
�� (no bending

moment at the ends of the beam) and ðd3Y�dx3Þj0;L ¼ 0 (no shearing force

at the ends of the beam), yielding the first relationship of interest

EI ¼ v
2
mL

4

ðbLÞ4 ; (5)

where (bL) ¼ 1.506p for the first bending mode.

Similarly, the equation for torsion in a shaft, of length L, is given by

d

dx
GJðxÞ dQðxÞ

dx

� �
¼ v

2
IðxÞQðxÞ; 0, x, L; (6)

where GJ(x) is the torsional stiffness/rigidity, in which G is the shear

modulus and J(x) the area moment of inertia of the shaft, Q(x) is the twist
angle, and v is the vibration frequency (Meirovitch, 2001). For a uniform

shaft, GJ(x) and I(x) are taken to be constant, rendering the following

equation

d
2
QðxÞ
dx

2 1b
2
QðxÞ ¼ 0; 0, x, L;b

2 ¼ v
2
I

GJ
: (7)

The solution to this second order differential equation is

QðxÞ ¼ A sinbx1B cosbx; (8)

where A and B are constants that depend on given boundary conditions

(Meirovitch, 2001). In the case of a shaft with free ends the boundary

conditions are ðdQ�
dxÞ 0;L ¼ 0

�� (no torque at the ends of the shaft). Leading

to the second relationship of interest,
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GJ ¼ v
2
IL

2

ðbLÞ2 ; (9)

where (bL) ¼ p for the first torsion mode. For a solid rod I ¼ 1
�
12mL2,

where m and L are the total mass and length of the rod, respectively

(Feynman et al., 1964). Substituting the values for I and bL into Eq. 9 yields

GJ ¼ v
2
mL

4

12p
2 : (10)

The last equality that must be considered is the relationship between

frequencies and eigenvalues. QEDM outputs a set of displacement

coordinates and eigenvalues, l, for each calculated mode, 1–N. From

ANM, lig ¼ v2
i mp (Atilgan et al., 2001), where li is the eigenvalue of the

ith mode, g is the strength of the potential, vi is the frequency of the i
th mode,

and mp is the point mass. Total mass, m, in Eqs. 5 and 10 is equal to the

product of point mass, mp, times the number of points, np (i.e., Voronoi cells
for QEDM). Substituting these quantities into Eqs. 5 and 10 yields

EI ¼ lignpL
4

ðbLÞ4 and GJ ¼ ljgnpL
4

12p
2 ;

where bLð Þ ¼ 1:506p: (11)

Dimensionless twist/bend ratio

Taking the ratio of EI/GJ from Eq. 11 generates the desired relationship

EI

GJ
¼ 12p

2
li

1:506pð Þ4lj

; (12)

in which li and lj represent the i
th and jth eigenvalues for the first bending

(mode 7) and torsional (mode 9) modes, respectively.
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